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On the additional invariance of arbitrary spin relativistic wave 
equations 

J Jayaraman 
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Received 16 December 1975 

Abstract. We demonstrate that the recently derived relativistic Schrodinger wave equations 
for particles of arbitrary spin and non-vanishing mass also exhibit additional invariance 
originally pointed out by Fushchich in the case of the Dirac and Maxwell equations. 

In a recent paper, Fushchich (1 974) has shown that the Dirac and Maxwell equations 
are invariant under a new set of operators different from the ones satisfying the Lie 
algebra of the PoincarC group. The purpose of the present note is to point out that such 
an additional invariance exists also for the recently discussed (Weaver et a1 1964, 
Mathews 1966a,b, 1967a,b, Seetharaman et al 1971, Jayaraman 1973a,b) Schrodinger 
types of wave equations describing massive particles of arbitrary spin. 

In Mathews’ formalism of particles of arbitrary spin s and mass m, the Schrodinger 
eauations 

with i,b transforming locally according to the 2(2s + 1)-dimensional representation 
D(0, s)OD(s, 0) of the homogeneous Lorentz group, are invariant under the operations 
of the PoincarC group. The generators of this in the space of wavefunctions qj are 

a 
at (2a) 

p = p =  -iv (2b)  

p0=p ,=  -i-= -H 

K=tp+xpo+ih= tp-xH+iX, X = p , S = ( ’  0 --s O ) ) .  ( 2 4  

Here the matrices (s,, s2, s3) = s are a (2s + 1)-dimensional representation of the 
angular momentum operators and p,(i = 1,2 ,3)  are the 2(2s + 1)-dimensional Pauli 
matrices. 

The Hamiltonians H = HI(HI,) appropriate for half-integer(integer) spin particles 
are (Mathews 1967a,b) 

HI = E(; tanh(2vO)Cv + p i  1 sech(2ve)Bv) 
Y 
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and 

HI, = E ( 1  U coth(2v8)C,+p1 1 Y cosech(2v8)CV)). (3b)  

In (3a)  and (3b)  

E = m cosh 8, p = m sinh 8 

and B, and C, are the combinations 

B, = A, + A-,, C, = A, -A-, 

of the projection operators A, to the eigenvalue v of Ap = ( A .  p ) / p  and satisfy 

B,B, = C,C, = B,S,,, B,C, = C,S,,. (5b)  

We shall now proceed to prove our assertion that equations (1) with H = Hl(HII) for 
half-integer (integer) spins are invariant with respect to a set of operators Q such that 

and give a prescription to find the operators Q. To do this one invokes the theorem 
(Johnson and Chang 1974) that if A and B are two operators such that A = B 2  = 1 and 
which anticommute, [A ,  B ] ,  = 0 ,  then the transformation operators 

(7) 
1 

U-'= ( 1 - A B )  
1 

Jz U =  ( l + A B ) ,  Jz 
achieve 

U B V '  = A .  (8) 
Identifying B with HI/E(HIi/E) one has a choice of A = p2(p1)  so that 

HI -1 1 HI HI 1 H I  
~ I - U I  E = Jz (I+&-)- E E 3  ( I - & -  E )  = & 

and 

HI I 

E 

It is trivial to check that VI is unitary 

&'=U: (loa) 

G I '  = p2 u:lP, 

as HI and p2 are Hermitian. However VI, is pseudo-unitary in the sense that 

(1 Ob) 
as HI, is pseudo-Hermitian, HiI = p3HIIp3. 

If now one defines a new representation x by 

+ + X =  U+ ( 1  1) 

with U = VI( UI1) for half-integer(integer) spin cases, the PoincarC generators (2a-d) in 
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the I,!J representation are transformed in the x representation into 

E for U, 

One easily verifies in the x representation that 

i--X,Q, x = O  [ I  1- 
with X= XI(X1I) = pzE(p lE)  for half-integer(integer) spin cases and the set of 
operators Q, being given .by 

- - PZE for U1 
P,), = - X= 

for UI1 

r 

for UI 

for UII. fp - p'(xE + Er)  
2 

It is straightforward though tedious to find the set of operators 

Q = U-IQ,U ( 1 5 )  

under which equation ( 1 )  with the Hamiltonian HI(HI,) is invariant and hence satisfies 
(6). Equation ( 1 5 )  leads to the following explicit expressions for the set of operators Q: 

P o =  -HI for U,, Fo=-HI,  for Url (16a) 

j = x x p + s  (16c) 

- 
P= -iV (16b) 

The set of operators 0, and hence Q as well, by virtue of (15), satisfy the following 
commutation relations (in writing which uniformly for both sets the subscript x is 
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suppressed) 

[Po, Pi]- = 0, 

[J,, Pj]- = ieljkFk, 

[PI,  Pj]- = 0, [ki, f i ] -  = ialjP,,, 
- *  

[J,, Jj]- = iejjkjk, 

[ki, El]-= -ieijk(Jk-gk), 

[ J ,  kj]- = i E i j k k k >  

sx=s (18) 

(i, j ,  k = 1, 2, 31, (17) 

which are different from the commutation relations of the PoincarC generators. 
In (17) 

and X= XI(Xil) commutes with S whence one obtains 

and as well 

Ul[i:-X,S] - a t  

It is not hard to find that the explicit form of 3 is 

(for half-integer spin case), (21 a) 

(for integer spin case). (21b) 

s=  u'su= 
- 

One can evaluate the commutators [ (H/E) ,  SI- in (21) by making use of the relevant 
formulae given in the appendices of papers by Seetharaman et a1 (1 97 1) or Jayaraman 
(1973a) but is not attempted here. It follows immediately - - -  that when the generators s of 
(21) are added to Q of (16) the set of generators {Po, P, J, K, s} forms a Lie algebra 
under which the relativistic Schrodinger equation (1) is invariant for any spin with the 
understanding that H = HI(H,,)  is employed for half-integer(integer) spins. 

Fushchich (1974) has also pointed out that the Dirac Hamiltonian commutes with a 
given set of generators satisfying the Lie algebra of the group 04, which are however 
non-local in configuration space. We present a brief discussion below showing that such 
a property is also true of the relativistic Hamiltonians (2a,b) under consideration. 

If one adds to the generators Sx = S of (1 8) three more generators fix = p2S(p , S )  for 
half-integer(integer) spin cases, then the generators 

satisfy the Lie algebra 
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of 0, and %! = %!I(%!,I) commutes with these generators: 

[Sx,,, XI- = 0. 

Spy = u-’S;,u 
From (24)  together with 

and 

H =  U-‘%!U 

one finds that 

[SP”, HI- = 0 

Sp, = (4, 
where 
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(24)  

(25)  

The generators S in (26)  are given by (21a,b) respectively for the half-integer and 
integer spins while 

(for half-integer spin case), ( 2 7 ~ )  M=i P2S -;( P2 +?)I[ ;, P 4  - 

(27b)  pl~- i (p l+$)[ , .  H HI1 pis] (for integer spincase). 
- 

Evidently the generators Spy satisfy the Lie algebra of 0, and are non-local in 
configuration space. Equation (25)  testifies to the 0, symmetry of the relativistic 
Hamiltonians HI(HII) for any spin. Our proof complements Fushchich’s (1974) asser- 
tion of an O4 invariance for free particle equations for any spin in the canonical form. 

The unitary (pseudo-unitary) operators discussed here and in a recent note (Jayara- 
man 1975) have an important bearing on the possibilities of constructing linear 
relativistic wave equations for any spin without manifest covariance and local 
covariance, the details of which will form the subject matter for a future publication. 

The author wishes to thank Professor J C Palathingal for constant encouragement and 
Dr S C K Nair for stimulating conversations. 
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